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We investigate stationary spherically symmetric accretion of the relativistic Vlasov gas on
Reissner-Nordstro¨m black holes. The model is based on a recent analysis done by Rioseco and
Sarbach for the Schwarzschild spacetime. Both models share many common features: The gas char-
acterized by the Maxwell-Ju¨ttner distribution at infinity is no longer in thermal equilibrium in the
vicinity of the black hole. The radial pressure at the black-hole horizon can be even an order of mag-
nitude smaller than the tangential pressure. Quantitative characteristics of the Reissner-Nordstro¨m
model depend on the charge parameter. For black holes with fixed asymptotic mass, the mass ac-
cretion rate decreases with the increasing black-hole charge. The ratio of the tangential pressure
to the radial pressure at the horizon also decreases with the increasing charge. On the other hand,
the particle density at the horizon (normalized by its asymptotic value) grows with the black-hole
charge parameter.
In this paper we investigate spherical, steady accre-
tion of the relativistic, collisionless (Vlasov) gas on the
Reissner-Nordstro¨m black hole. The presented analysis
is based on beautiful recent papers by Rioseco and Sar-
bach [1, 2], devoted to the accretion of the relativistic
Vlasov gas on the Schwarzschild black hole. We de-
cided to generalize the results of Rioseco and Sarbach
to Reissner-Nordstro¨m metrics, mostly because of the
well-known similarity between causal properties of the
Reissner-Nordstro¨m and Kerr spacetimes. This is a com-
mon idea, allowing one to retain the simplicity associated
with the spherical symmetry and getting an insight into
some properties of rotating black holes at the same time
(as John Wheeler put it, “charge is a poor man’s angular
momentum”).
Theoretical works on accretion date back to early pa-
pers by Lyttleton, Hoyle, and Bondi [3–5], who inves-
tigated accretion of dust matter onto a star moving
through the interstellar medium. First Newtonian solu-
tions representing spherically symmetric configurations
of perfect fluid accretting steadily in the Keplerian grav-
itational potential were derived by Bondi in [6]. This was
a crucial conceptual work, defining the physical ingredi-
ents of the model—an infinite reservoir of the gas (with
fixed nonzero asymptotic density and fixed asymptotic
temperature) accreting steadily onto a central object at
a rate that is small enough so that the mass of the cen-
tral object can be treated as constant—and identifying
fundamental technical elements—critical solutions, sonic
points, etc. Bondi’s model was generalized to General
Relativity in 1972 by Michel, who considered spherical
accretion of the perfect fluid on the Schwarzschild black
hole [7]. Since that time numerous works have been de-
voted to the analysis of steady, spherical accretion of flu-
ids, assuming different spherically symmetric spacetimes
(Reissner-Nordstro¨m, Kottler, Schwarzschild-anti-de Sit-
ter, etc. [8–11]), or taking into account the self-gravity
of the fluid [12–15], various equations of state [16, 17],
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radiation transfer [18, 19], etc. In all these cases solving
the relativistic Euler equation is always an important el-
ement of the analysis.
From the technical point of view, the kinetic theory
(Vlasov) approach is radically different. On fixed, spher-
ically symmetric spacetimes the Valsov equation can be
solved quite generally in terms of suitable canonical co-
ordinates ([1], but see also [20–23]). As a consequence,
the difficulty of the analysis relies not so much in the
actual solving of the Vlasov equation, but rather in find-
ing and analyzing the properties of solutions that would
correspond to the gas in thermal equilibrium at infin-
ity, steadily accretting on the black hole. Despite these
differences, a comparison with prefect fluids can pro-
vide an interpretation of the obtained results. For in-
stance, the eigenvalues of the energy-momentum tensor
associated with the Vlasov gas can be interpreted as
the energy-density and pressures, but they are no longer
degenerate—the pressure does not have to be isotropic.
Repeating the analysis of Rioseco and Sarbach [1] for
the Reissner-Nordstro¨m case consisted of two main tasks.
On one hand, we had to redo most of the calculations for
a general class of spherically symmetric metrics, instead
of specifying the analysis to the Schwarzschild solution.
On the other hand, the key difficulty was to control the
properties of the effective potential for the geodesic mo-
tion, which was required to compute the characteristics
of the accretion flow expressed in terms of the phase-
space integrals. This was still possible for the Reissner-
Nordstro¨m metric, although one had to deal with much
more complicated formulas. Slightly less complex for-
mulas can be obtained for extremal Reissner-Nordstro¨m
spacetimes, so we treat this case separately. In contrast
to that, the Kottler or Schwarzschild-de Sitter cases seem
to be much more difficult.
The order of this paper is as follows. In Sec. I
we rewrite the formalism derived originally for the
Schwarzschild spacetime in [1] for more general, spher-
ically symmetric spacetimes. Since it is a long section,
we decided to divide it into several subsections. In Sub-
section I A we recall the Hamiltonian description of the
geodesic motion and the Hamiltonian formulation of the
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2Vlasov equation. In Subsection I B we specify the class of
metrics used in the remaining part of the paper and in-
troduce the horizon-penetrating coordinates. A general
theory of the Vlasov gas on static, spherically symmet-
ric metrics specified in Subsection I B is given in Sub-
section I C. Subsection I D provides a short discussion of
the Maxwell-Ju¨ttner distribution, assumed at infinity. In
Subsection I E we introduce dimensionless variables and
derive the expressions for the observables given in terms
of phase-space integrals. In the last key Subsection I F
we discuss the properties of the effective potential as-
sociated with the Reissner-Nordstro¨m metric and define
the regions over which the phase-space integrals are per-
formed. In Sec. II we derive analytic expressions for the
observables: the particle current density, the energy den-
sity, the pressures, etc. Numerical results are collected in
Sec. III. Final remarks and conclusions are given in Sec.
IV.
Throughout the paper we use geometric units with
c = G = 1, where c is the speed of light, and G de-
notes the gravitational constant. The signature of the
metric is assumed to be (−,+,+,+). Spacetime dimen-
sions are labeled with Greek indices, µ = 0, 1, 2, 3; spatial
dimensions are labeled with Latin indices i = 1, 2, 3.
I. VLASOV GAS IN SPHERICAL SYMMETRY
A. Hamiltonian description of the geodesic motion;
Vlasov equation
1. Hamiltonian description
The relativistic Vlasov gas consists of particles moving
along timelike geodesics. Since, following [1], we use ex-
tensively the Hamiltonian formalism, we start by recall-
ing the Hamiltonian description of the geodesic motion.
The Hamiltonian of a single particle moving along the
geodesic can be chosen as
H =
1
2
gµν(xα)pµpν .
Here (xµ, pµ) are treated as canonical variables, and it is
assumed that H depends on xα through gµν(xα). The
equations of motion read
dxµ
dτ
=
∂H
∂pµ
,
dpµ
dτ
= − ∂H
∂xµ
. (1)
The normalization of the parameter τ is a matter of
convention. We require that pµ = dxµ/dτ , and that
H = 12g
µνpµpν = − 12m2, where m is the particle rest
mass. Accordingly, τ = s/m, where s is the proper time.
The four velocity uµ = dxµ/ds is normalized to minus
unity: gµνuµuν = −1.
It can be easily shown that Eqs. (1) lead to the stan-
dard geodesic equation of the form
d2xµ
dτ2
+ Γµαβ
dxα
dτ
dxβ
dτ
= 0,
where Γµαβ denote the Christoffel symbols associated with
the metric gµν .
2. Vlasov equation
The relativistic Vlasov equation describes the proba-
bility function f = f(xµ, pν) [24, 25]. Since it should be
invariant along a geodesic, one requires that
d
dτ
f(xµ(τ), pν(τ)) = 0,
or
dxµ
dτ
∂f
∂xµ
+
dpν
dτ
∂f
∂pν
=
∂H
∂pµ
∂f
∂xµ
− ∂H
∂xν
∂f
∂pν
= {H, f} = 0,
where {·, ·} denotes the Poisson bracket. The above equa-
tion can be written in more explicit terms as
gµνpν
∂f
∂xµ
− 1
2
pαpβ
∂gαβ
∂xµ
∂f
∂pµ
= 0, (2)
and it is usually referred to as the relativistic Vlasov
equation or the relativistic Liouville equation. For conve-
nience, we chose our phase-space coordinates as (xµ, pν),
i.e., the coordinates on the cotangent bundle. The ver-
sion of the Vlasov equation that usually appears in the
literature is written in terms of coordinates (xµ, pν) (co-
ordinates on the tangent bundle). The transformation
from the coordinates (xµ, pν) to the new ones (x˜
µ, p˜µ),
x˜µ = xµ, p˜µ = gµν(xα)pν ,
yields
∂f
∂xν
=
∂f
∂x˜ν
+
∂gµα
∂xν
pα
∂f
∂p˜µ
,
∂f
∂pν
= gµν
∂f
∂p˜µ
.
It is easy to show that this change of coordinates trans-
forms Eq. (2) to the form
pµ
∂f
∂xµ
− Γµαβpαpβ
∂f
∂pµ
= 0,
where for simlicity, we have removed the tildes from
(xµ, pν). An even more common form is obtained by
considering a collection of single-mass particles with mo-
menta satisfying the mass shell condition
gµνp
µpν = −m2. (3)
In this case, it is sufficient to use the coordinates (xµ, pi),
and treat p0 as given by Eq. (3)—one usually selects
the solution corresponding to the future pointing four-
momentum. The corresponding transformation from
(xµ, pi) to (x¯µ, p¯µ) has the form
x¯µ = xµ, p¯0 = p¯0(xµ, pi), p¯i = pi,
3where p0 = p¯0(xµ, pi) is the solution of Eq. (3). This
yields
∂f
∂xµ
=
∂f
∂x¯µ
− 1
p0
pαp
βΓαµβ
∂f
∂p¯0
,
∂f
∂pi
=
∂f
∂p¯i
− pi
p0
∂f
∂p¯0
,
and after some algebra,
pµ
∂f
∂xµ
− Γiαβpαpβ
∂f
∂pi
= 0.
Here again, for simplicity, we have removed the bars from
xµ, pi. Denoting x0 = t, and dividing by p0, we get
∂f
∂t
+
pi
p0
∂f
∂xi
− 1
p0
Γiαβp
αpβ
∂f
∂pi
= 0.
This is probabaly the most common version of the rela-
tivistic Vlassov equation [24, 25].
3. Integrals over the momentum space
Many important observable quantities can be ex-
pressed as suitable integrals over momenta. The particle
current density is given as
Jµ(x) =
∫
pµf(x, p)dvolx(p),
whereas for the components of the energy-momentum
tensor one assumes
Tµν(x) =
∫
pµpνf(x, p)dvolx(p),
where the momentum-space integration element is given
by
dvolx(p) =
√
− det[gµν(x)]d4p
=
√
− det[gµν(x)]dp0dp1dp2dp3. (4)
Using Eq. (2) one can easily show that the particle
current density Jµ satisfies the conservation equation [26]
∇µJµ = 0. (5)
B. Horizon-penetrating coordinates
Although in this paper we work ultimately with the
Reissner-Nordstro¨m spacetime, many formulas derived in
the following sections hold for general spherically sym-
metric metrics of the form
g = gtt(r)dt
2 + 2gtr(r)dtdr + grr(r)dr
2
+r2(dθ2 + sin2 θdϕ2). (6)
On the other hand, for computational convenience, the
majority of the formulas will be obtained for the spheri-
cally symmetric metrics which in some coordinate system
can be written as
g = −N(r¯)dt¯2 + 1
N(r¯)
dr¯2 + r¯2(dθ2 + sin2 θdϕ2) (7)
(Schwarzschild, Reissner-Nordstro¨m, Kottler, and
Schwarzschild-anti-de Sitter metrics belong to this
category). Since the coordinate system used in (7) is
divergent at the black-hole horizon, we will instead
work in horizon-penetrating, Eddington-Finkelstein type
coordinates. For a metric of the form (7) we define a
new time coordinate t = t(t¯, r¯),
t = t¯+
∫ r¯ [ 1
N(r)
− η(r)
]
dr,
keeping the areal radius as a new radial coordinate r = r¯.
Here η(r) is an arbitrary function. This yields
g = −Ndt2 + 2(1−Nη)dtdr + η(2−Nη)dr2
+r2(dθ2 + sin2 θdϕ2). (8)
The corresponding contravariant metric components read
gtt = η(−2 +Nη), gtr = 1−Nη, grr = N.
Note that (
gtr
)2 − grrgtt = 1. (9)
In particular, the Reissner-Nordstro¨m metric can be
written as
g = −
(
1− 2M
r¯
+
Q2
r¯2
)
dt¯+
(
1− 2M
r¯
+
Q2
r¯2
)−1
dr¯2
+r¯2(dθ2 + sin2 θdϕ2).
Taking η ≡ 1 (this choice is sometimes referred to as
Eddington-Finkelstein coordinates), we obtain
g = −
(
1− 2M
r
+
Q2
r2
)
dt2 + 2
(
2M
r
− Q
2
r2
)
dtdr
+
(
1 +
2M
r
− Q
2
r2
)
dr2 + r2(dθ2 + sin2 θdϕ2).(10)
The contravariant metric components corresponding to
metric (10) read
gtt = −1− 2M
r
+
Q2
r2
, (11a)
gtr =
2M
r
− Q
2
r2
, (11b)
grr = 1− 2M
r
+
Q2
r2
. (11c)
In the following, we will distinguish the formulas valid
for the metric (6) from those obtained for (8) by a suit-
able choice of the notation. In the former case, we will
use the metric components gtt, gtr, grr (or their con-
travariant counterparts). In the latter, we will write the
formulas in terms of the functions N and η. Although the
components of the vector and tensor quantities depend
explicitly on the choice of the time foliation (the choice
of η in our case), important physical quantities (the par-
ticle density, the energy density, the pressures, etc.) are
independent of η. We will try to emphasise this fact by
writing the corresponding formulas in a way manifestly
independent of η.
4C. Vlasov equation on static spherically symmetric
spacetimes
1. Conserved quantities
For the general spherically symmetric metric of the
form (6) the Hamiltonian of a free particle can be written
as
H =
1
2
[
gtt(r)(pt)
2 + 2gtr(r)ptpr + g
rr(r)(pr)
2
+
1
r2
(pθ)
2 +
1
r2 sin2 θ
(pϕ)
2
]
. (12)
Since H does not depend on t and ϕ, the momenta E ≡
−pt, lz ≡ pϕ are constants of motion. Moreover, as the
Hamiltonian H does not depend explicitly on τ , it is a
constant of motion itself. Because H = − 12m2, this is
another expression of the fact that the rest mass of a free
particle is constant. Less obvious is that
l =
√
p2θ +
p2ϕ
sin2 θ
(13)
is also a constant of motion—this fact follows directly
from the assumed spherical symmetry. In terms of the
above constants, Eq. (12) can be written as
gtt(r)E2−2gtr(r)Epr+grr(r)(pr)2 + l
2
r2
+m2 = 0. (14)
2. Classification of trajectories
Solving Eq. (14) with respect to pr one gets
pr =
gtrE ±
√
[(gtr)2 − gttgrr]E2 − grr (m2 + l2r2 )
grr
=
(1−Nη)E ±
√
E2 − U˜l,m(r)
N
, (15)
where we have used Eq. (9) and introduced the effective
potential
U˜l,m(r) = N
(
m2 +
l2
r2
)
.
For the Reissner-Nordstro¨m metric we have U˜l,m(r) →
m2, as r → ∞. Consequently, only trajectories with
E ≥ m can reach infinity.
In the spherical accretion problem we are naturally in-
terested in particle trajectories that originate at infinity
and go inward, attracted by the black hole. This family
of trajectories can be further divided into two subclasses,
crucial in the following analysis: those absorbed by the
black hole, denoted with (abs), and those scattered to
the infinity, marked with (scat). The division into those
subclasses depends on the properties of the effective po-
tential U˜l,m(r). A trajectory originating at infinity with
the angular momentum sufficiently high, so that at some
finite distance E2 − U˜l,m(r) = 0, is reflected backward
to infinity. Otherwise, it can reach the black hole. A
precise characterization of both classes of absorbed and
scattered trajectories is important and will be studied for
the Reissner-Nordstro¨m spacetimes in Sec. I F.
3. Action-angle variables
A convenient way of proceeding further is to introduce
suitably defined action-angle variables [1]. This is a stan-
dard procedure in classical mechanics [27, 28], however
the details of the transformation used here (and in [1])
are subtle.
Let γ be a geodesic orbit with constant m, E, lz, and
l, joining some reference point with a point with coordi-
nates (t, r, θ, ϕ). We introduce a generating function (the
abbreviated action)
S = −Et+ lzϕ+
∫
γ
prdr +
∫
γ
pθdθ, (16)
where the integrals are understood as line integrals along
the orbit γ. More precisely, the first integral in Eq. (16)
is the line integral along the projection of the orbit γ onto
the (r, pr) plane; the second integral is performed along
the projection of γ onto the (θ, pθ) plane. Thus, pθ in
Eq. (16) can be expressed as
pθ = ±
√
l2 − l
2
z
sin2 θ
, (17)
while pr is given by Eq. (15). Note that the integral
∫
γ
pθdθ = ±
∫ √
l2 − l
2
z
sin2 θ
dθ,
can be actually computed analytically. Possible choices
of the starting (or reference) points of orbits γ are dis-
cussed in [1].
We define a canonical transformation taking as new
momenta, the constants
5P0 = m =
√
−gtt(r)(pt)2 − 2gtr(r)ptpr − grr(r)(pr)2 − 1
r2
(
p2θ +
p2ϕ
sin2 θ
)
,
P1 = E = −pt,
P2 = lz = pϕ,
P3 = l =
√
p2θ +
p2ϕ
sin2 θ
.
Then the corresponding conjugate variables are defined
as
Q0 =
∂S
∂m
= −m
∫
γ
dr
−gtrE + grrpr , (18a)
Q1 =
∂S
∂E
= −t+
∫
γ
gttE − gtrpr
gtrE − grrpr dr, (18b)
Q2 =
∂S
∂lz
= ϕ− lz
∫
γ
dθ
pθ sin
2 θ
, (18c)
Q3 =
∂S
∂l
= −l
∫
γ
dr
r2 (−gtrE + grrpr)
+l
∫
γ
dθ
pθ
. (18d)
Here again, all integrals are understood as line integrals
along trajectories with fixed m,E, lz, l. It is important
to keep this in mind when considering the transforma-
tion (t, r, θ, φ, pt, pr, pθ, pϕ) → (Qµ, Pν) as a coorindate
transformation in the phase space.
In terms of the action-angle variables (Pµ, Q
ν), the
Hamiltonian reads simply H = −P 20 /2. Since the Pois-
son bracket is covariant with respect to canonical trans-
formations, we have
∂H
∂pµ
∂
∂xµ
− ∂H
∂xν
∂
∂pν
=
∂H
∂Pµ
∂
∂Qµ
− ∂H
∂Qν
∂
∂Pν
= −P0 ∂
∂Q0
.
Accordingly, the Vlasov equation takes the form
∂f
∂Q0
= 0,
and its general solution can be written as
f(xµ, pν) = F(Q1, Q2, Q3, P0, P1, P2, P3). (19)
Further restrictions on the distribution function f can be
given assuming symmetry conditions.
4. Symmetries
In the following we impose the conditions of station-
arity, and spherical symmetry. Here the key step is to
compute the lifts of the Killing vectors generating the
symmetries to the cotangent bundle with the local coor-
dinates (xµ, pν) or (Q
µ, Pν). For the Killing vector
ξx = ξ
µ(x)
∂
∂xµ
∣∣∣∣
x
we compute the lifts as
ξˆ(x,p) = ξ
µ(x)
∂
∂xµ
∣∣∣∣
(x,p)
− pα ∂ξ
α
∂xµ
(x)
∂
∂pµ
∣∣∣∣
(x,p)
.
The Killing vectors generating the action of the rota-
tion group SO(3) on the spacetime can be given as
ξ1 + iξ2 = e
iϕ
(
i
∂
∂θ
− cot θ ∂
∂ϕ
)
, ξ3 =
∂
∂ϕ
,
where a convenient complex-number notation is used to
simplify the formulas. The Killing vector generating
time-translations is simply
k =
∂
∂t
.
It is easily to check that the lifts of these Killing vectors
to the cotangent bundle are given by
ξˆ1 + iξˆ2 = e
iϕ(ηˆ1 + iηˆ2), ξˆ3 =
∂
∂ϕ
, kˆ =
∂
∂t
,
where
ηˆ1 + iηˆ2 = i
∂
∂θ
− cot θ ∂
∂ϕ
− pϕ
sin2 θ
∂
∂pθ
+(pθ + ipϕ cot θ)
∂
∂pϕ
.
Since the general solution of the Vlasov equation (19)
is given conveniently in terms of coordinates (Qµ, Pν),
we express kˆ, ξˆ1, ξˆ2, ξˆ3 also in terms of (Q
µ, Pν). The
formulas for kˆ and ξˆ3 are simple:
ξˆ3 =
∂
∂ϕ
=
∂Qµ
∂ϕ
∂
∂Qµ
+
∂Pν
∂ϕ
∂
∂Pν
=
∂
∂Q2
,
kˆ =
∂
∂t
=
∂Qµ
∂t
∂
∂Qµ
+
∂Pν
∂t
∂
∂Pν
= − ∂
∂Q1.
The formulas for ηˆ1 and ηˆ2 are more complex:
6ηˆ1 + iηˆ2 = (pθ + ilz cot θ)
∂
∂P2
+
[
− cot θ − pθl2
∫
γ
dθ
p3θ sin
2 θ
+ i
(
− lz
pθ sin
2 θ
− lzl2 cot θ
∫
γ
dθ
p3θ sin
2 θ
)]
∂
∂Q2
+
[
pθlzl
∫
γ
dθ
p3θ sin
2 θ
+ i
(
l
pθ
+ l2zl cot θ
∫
γ
dθ
p3θ sin
2 θ
)]
∂
∂Q3
. (20)
The above result is derived as follows. First we note
that both η1 and η2 leave the constants m, E and l (but
not lz) invariant, i.e., (η1 + iη2)(m) = (η1 + iη2)(E) =
(η1 + iη2)(l) = 0. Also, since Q
1 does not depend on
θ, ϕ, pθ, or pϕ, and Q
0 depends on θ, pθ, and pϕ only
throughm, we also have (η1+iη2)(Q
0) = (η1+iη2)(Q
1) =
0. Thus, η1 + iη2 are only spanned by ∂/∂P2, ∂/∂Q
2,
∂/∂Q3. Computing (η1 + iη2)(Q
2) and (η1 + iη2)(Q
3)
is then straightforward, keeping in mind that pθ under
integral signs in Eqs. (18c,18d) is given by Eq. (17).
We see that a distribution function f with a connected
support in the phase space is stationary, if it is indepen-
dent of Q1, axially symmetric, if it is independent of Q2,
and spherically symmetric, if it is independent of P2, Q
2,
and Q3. Note that the above statement is not gener-
ally (i.e, without additional assumptions on f) true. A
counterexample can be found in [29].
In what follows, we restrict ourselves to stationary and
spherically symmetric solutions of the form
f(xµ, pν) = F(P0, P1, P3). (21)
D. The gas in thermal equilibrium at infinity
At this stage, specifying a solution corresponding to
the gas in thermal equilibrium at infinity is quite sim-
ple. In the flat spacetime the distribution function f
describing the relativistic, nondegenerate gas in thermal
equilibrium is known as the Ju¨ttner or Maxwell-Ju¨ttner
distribution, and it is a relativistic counterpart of the
Maxwell distribution [30–32]. For the so-called simple
gas (the gas of same mass particles) it can be written as
f(xµ, pν) = αδ
(√−pµpµ −m) e−βE , (22)
where m is the particle mass, and E = −pt is the particle
energy. Here α is a normalization constant, and β =
(kBT )
−1, where T is the temperature and kB denotes
the Boltzmann constant. The normalization constant α
can be related with the particle density given by
n∞(z) = 4piαm4
K2(z)
z
,
where z = m/(kBT ), and K2 is the modiefied Bessel
functions of the second kind [32].
Returning to the spherically symmetric, asymptoti-
cally flat metrics of the form (6), we write the distribution
(22) in terms of the coordinates (Qµ, Pν) as
f = αδ(P0 −m)e−βP1 . (23)
The above formula constitutes a spherically symmetric
stationary solution of the Vlasov equation valid every-
where, not only at the infinity. However, it describes a
gas in thermal equilibrium only asymptotically (i.e., for
the flat metric). We should emphasise that for a finite
radius, the parameter T can no longer be associated with
the temperature.
In what follows, we will generally assume distributions
of the form (21) and later specialize to (23). Thus, the
whole difficulty in describing the spherically symmetric
accretion of the Vlasov gas is effectively reduced to the
computation of relevant (observable) quantities.
E. Dimensionless variables; phase-space integrals
1. Dimensionless variables
Following [1] we introduce dimensionless variables: τ ,
ξ, piξ, piθ, ε, λ, λz as follows
t = Mτ,
r = Mξ,
pr = mpiξ,
pθ = Mmpiθ,
E = mε,
l = Mmλ,
lz = Mmλz.
In addition, we define the charge parameter q as q =
Q/M . Metric components (11) can be expressed in terms
of the dimensionless variables as
gtt = −
(
1 +
2
ξ
− q
2
ξ2
)
,
gtr =
2
ξ
− q
2
ξ2
,
grr = 1− 2
ξ
+
q2
ξ2
.
7The two horizons of the Reissner-Nordstro¨m spacetime
are located at ξ± = 1 ±
√
1− q2. For the variables Qµ
we get
Q0 = −M
∫
γ
dξ
−gtrε+ grrpiξ ,
Q1 = M
(
−τ +
∫
γ
gttε− gtrpiξ
gtrε− grrpiξ dξ
)
,
Q2 = ϕ− λz
∫
γ
dθ
piθ sin
2 θ
,
Q3 = −λ
∫
γ
dξ
ξ2 (−gtrε+ grrpiξ) + λ
∫
γ
dθ
piθ
.
The two constraint equations (14) and (13) read, respec-
tively,
gttε2 − 2gtrεpiξ + grrpi2ξ +
λ2
ξ2
+ 1 = 0
and
λ2 = pi2θ +
λ2z
sin2 θ
. (24)
Consequently for the radial momentum we get
piξ± =
(1−Nη)ε±√ε2 − Uλ(ξ)
N
,
where the dimensionless effective potential Uλ(ξ) is given
as
Uλ(ξ) = N
(
1 +
λ2
ξ2
)
.
In what follows, we will also denote
(piξ±) = ±1.
Note that these formulas are general, valid for any met-
ric of the form (8). Also note, that the form of the effec-
tive potential Uλ(ξ) does not depend on the particular
gauge, which in our case is specified by the choice of the
function η. For the Reissner-Nordstro¨m metric we have
Uλ(ξ) =
(
1− 2
ξ
+
q2
ξ2
)(
1 +
λ2
ξ2
)
.
Since the expression
√
ε2 − Uλ(ξ) will appear fre-
quently in the remaining part of this paper, we will de-
note it with
sλ(ε, ξ) =
√
ε2 − Uλ(ξ).
Note that
s0(ε, ξ) =
√
ε2 −N.
Also for N → 0 (at the horizon), we have sλ → ε.
2. Momentum-space volume element
In the following, we introduce another variant of mo-
mentum coordinates, suitable for expressing the inte-
gration element (4). It is convenient to choose the set
(ε,m, λ, χ), where χ is chosen as a momentum coordi-
nate compatible with the constraint equation (24). We
define
piθ = λ cosχ, λz = λ sin θ sinχ,
and change the variables (piθ, λz) to (λ, χ). In total, we
change the momentum variables from (pt, pr, pθ, pϕ) to
(ε,m, λ, χ), according to
pt = −mε, pθ = Mmλ cosχ, pϕ = Mmλ sin θ sinχ.
The radial momentum pr is given as a solution to the
equation
gttm2ε2 − 2gtrmεpr + grr(pr)2 + m
2λ2
ξ2
+m2 = 0.
Computing
∂(pt, pr, pθ, pϕ)
∂(ε,m, λ, χ)
=
M2m3λ sin θ
grrpiξ − gtrε = (piξ)
M2m3λ sin θ√
ε2 − Uλ(ξ)
and √
−det[gµν(x)] = 1
r2 sin θ
,
we get
dvolx(p) =
1
ξ2
m3λ√
ε2 − Uλ(ξ)
dεdmdλdχ.
Note that the above compact form assumes the metric of
the form (8).
3. Momentum integrals
We consider static, sphericall symmetric distributions
with
f(xµ, pν) = F(P0, P1, P3) = F(m,mε,Mmλ).
Following [1], let us introduce the following abbreviation
allowing to perform the integration over m:
Fn(ε, λ) =
∫ ∞
0
mnF(m,mε,Mmλ)dm. (25)
We begin by computing the particle current density
Jµ(ξ) =
1
ξ2
∫
pµF(m,mε,Mmλ)m3λ√
ε2 − Uλ(ξ)
dεdmdλdχ.
Since pθ = Mmλ cosχ and pϕ = Mm sin θλ sinχ, we
get Jθ = 0 and Jϕ = 0. This follows immediately, by
8evaluating the integrals with respect to χ over the entire
period (0, 2pi). For the two non-zero components Jt and
Jr we get
Jt(ξ) =
2pi
ξ2
∫
ptF(m,mε,Mmλ)m3λ√
ε2 − Uλ(ξ)
dεdmdλ
= −2pi
ξ2
∫
εF4(ε, λ)λ√
ε2 − Uλ(ξ)
dεdλ
and
Jr(ξ) =
2pi
ξ2
∫
prF(m,mε,Mmλ)m3λ√
ε2 − Uλ(ξ)
dεdmdλ
=
2pi
ξ2
∫
piξF4(ε, λ)λ√
ε2 − Uλ(ξ)
dεdλ.
A simple computation shows that
Jr = grtJt + g
rrJr =
2pi
ξ2
∫
(piξ)F4(ε, λ)λdεdλ.
This means that 4pir2Jr = const, i.e., the flux of particles
through a sphere of radius r is independent of r. Of
course, it is also a direct consequence of the conservation
law (5). The same result is true also for the standard
hydrodynamic accretion. We define the (baryonic) mass
accretion rate as
M˙ ≡ −4pimr2Jr. (26)
The energy momentum tensor can be computed as
Tµν(ξ) =
1
ξ2
∫
pµpνF(m,mε,Mmλ)m3λ√
ε2 − Uλ(ξ)
dεdmdλdχ.
By evaluating the integrals with respect to χ, one can
show that Tθϕ = 0, Ttθ = 0, Trθ = 0, Ttϕ = 0, Trϕ = 0.
Similarly, we can show that Tϕϕ = sin
2 θTθθ, where
Tθθ(ξ) =
piM2
ξ2
∫ F(m,mε,Mmλ)m5λ3√
ε2 − Uλ(ξ)
dεdmdλ
=
piM2
ξ2
∫ F5(ε, λ)λ3√
ε2 − Uλ(ξ)
dεdλ. (27)
In the same way, we express
Ttt =
2pi
ξ2
∫ F5(ε, λ)ε2λ√
ε2 − Uλ(ξ)
dεdλ, (28)
Ttr = −2pi
ξ2
∫
piξF5(ε, λ)ελ√
ε2 − Uλ(ξ)
dεdλ, (29)
Trr =
2pi
ξ2
∫
pi2ξF5(ε, λ)λ√
ε2 − Uλ(ξ)
dεdλ. (30)
In order to proceed further, one has to specify the met-
ric. There are two technical reasons for that. Clearly, one
has to specify the effective potential Uλ(ξ), which appears
in the above integrals (both explicitly and in the expres-
sion for piξ). More importantly, the knowledge of Uλ(ξ) is
essential to establish the regions in the momentum space
over which the above integrations are performed. This
requires a subtle analysis, which we do in the next sec-
tion.
F. Properties of the effective potential
1. Extremal Reissner-Nordstro¨m metric
For clarity, we start with the formulas valid for the
extremal Reissner-Nordstro¨m metric. In this case
Uλ(ξ) =
(
1− 2
ξ
+
1
ξ2
)(
1 +
λ2
ξ2
)
=
(ξ − 1)2
ξ2
(
1 +
λ2
ξ2
)
.
The derivative dUλ/dξ reads
dUλ
dξ
=
2(ξ − 1)(ξ2 + 2λ2 − λ2ξ)
ξ5
.
There is a local minimum of Uλ(ξ) at ξ = 1, i.e., at the
horizon and, if λ2 > 8, a maximum at
ξmax =
λ2
2
(
1−
√
1− 8
λ2
)
(31)
and a local minimum at
ξmin =
λ2
2
(
1 +
√
1− 8
λ2
)
.
For ξ → ∞ the potential Uλ(ξ) → 1. It is easy to check
that for λ2 growing from λ2 = 8 to infinity, the location
of the local maximum ξmax decreases from ξmax = 4 to
ξmax = 2. On the other hand, ξmin grows from ξmin = 4
for λ2 = 8 to infinity for λ2 →∞.
At ξmin and ξmax we have ξ
2 = λ2(ξ−2). Consequently,
at ξmin or ξmax,
Uλ(ξ) =
(ξ − 1)2
ξ2
(
1 +
1
ξ − 2
)
=
(ξ − 1)3
ξ2(ξ − 2) . (32)
It follows that Uλ(ξmax) grows from 27/32 for λ
2 = 8 to
infinity for λ2 → ∞. At the same time Uλ(ξmin) grows
from 27/32 for λ2 = 8 to 1 for λ2 →∞. It is also impor-
tant to note that Uλ(ξmax) = 1 for ξmax = (3 +
√
5)/2 ≈
2.61803 (this follows immediately from Eq. (32)).
The next important quantity is the value of the angular
momentum λ for which the value Uλ(ξmax) is equal to a
given value ε2 > 1. It can be computed by solving the
cubic equation
(ξmax − 1)3
ξ2max(ξmax − 2)
= ε2 (33)
for ξmax, and then computing the value λ
2 from Eq. (31).
We denote the value of λ obtained this way as λc(ε). The
physically relevant root of Eq. (33) can be written as
9ξmax(ε) =

2ε
√
4ε2−3 sin
(
1
6
(
2 cos−1
(
−16ε4+45ε2−27
2ε(4ε2−3)3/2
)
+pi
))
+2ε2−3
3(ε2−1) , 1 < ε
2 ≤ 332 (15 +
√
33),
2ε
√
4ε2−3 cos
(
1
3 cos
−1
(
16ε4−45ε2+27
2ε(4ε2−3)3/2
))
+2ε2−3
3(ε2−1) , ε
2 > 332 (15 +
√
33).
The above solution drops from ξmax =
3+
√
5
2 for ε = 1 to
ξmax = 2 for ε → ∞. While the above formula is writ-
ten in explicitly real terms, in numerical applications it
might be more convenient to use simpler complex-valued
expressions. The function λc(ε) is then computed as
λc(ε) =
ξmax(ε)√
ξmax(ε)− 2
.
All particles that can reach infinity have ε2 ≥ 1. Par-
ticles with ε2 ≥ 1 and λ < λc(ε) are absorbed by the
black hole. Moreover, these are the only constraints on
the family of particles which travel from infinity and fall
into the black hole.
The description of the particles that travel from in-
finity with sufficiently high angular momentum and are
scattered back to infinity is more complex. First, one
observes that that the minimal energy ε of a scattered
particle at a given radius ξ is given by
εmin =

∞, ξ ≤ 2,√
(ξ−1)3
ξ2(ξ−2) , 2 < ξ ≤ 3+
√
5
2 ,
1, ξ > 3+
√
5
2 .
(34)
Note that ξ = 2 corresponds to the radius of the photon
sphere. Consequently, no scattered particles can be found
below the photon sphere. Next, since the motion of any
particle is only allowed in a region where ε2 ≥ Uλ(ξ), i.e,
ε2 ≥ (ξ − 1)
2
ξ2
(
1 +
λ2
ξ2
)
,
the maximal allowed angular momentum λmax(ε, ξ) is
given by
λmax(ε, ξ) = ξ
√
ξ2ε2
(ξ − 1)2 − 1.
Scattered particles occupy the range in the phase space
specified as εmin ≤ ε, λc(ε) < λ ≤ λmax.
2. General Reissner-Nordstro¨m metrics with 0 ≤ q ≤ 1
In the general case with 0 ≤ q ≤ 1 we have
N =
(
1− 2
ξ
+
q2
ξ2
)
and
Uλ(ξ) =
(
1− 2
ξ
+
q2
ξ2
)(
1 +
λ2
ξ2
)
. (35)
The derivative dUλ/dξ reads
dUλ
dξ
=
2
[
ξ3 − (q2 + λ2)ξ2 + 3λ2ξ − 2q2λ2]
ξ5
.
Consequently, the locations of the extrema of Uλ can be
easily computed using Cardano’s formulas.
We proceed further using the same trick, as before.
Note that at the extremum of the potential Uλ, we have
λ2 =
ξ2(ξ − q2)
ξ2 − 3ξ + 2q2 . (36)
Inserting this expression in Eq. (35) we get
Uλ =
(ξ2 − 2ξ + q2)2
ξ2(ξ2 − 3ξ + 2q2) =
(ξ − ξ+)2(ξ − ξ−)2
ξ2(ξ − ξph+)(ξ − ξph−) ,
(37)
which is valid at the extrema of Uλ. In the last expression
ξph± = 12
(
3±
√
9− 8q2
)
are the radii of the circular
photon orbits. The radius of the outer photon sphere
corresponds to ξ = ξph+. Note that ξ
2 − 3ξ + 2q2 > 0
for ξ > ξph+. Also Uλ → ∞ for ξ → ξph+ (the other
root of ξ2 − 3ξ + 2q2, i.e., ξ = ξph− is always located
below the black-hole horizon: we have ξph− ≤ ξ+ for
0 ≤ q ≤ 1). Consequently, the corresponding expression
for εmin reads
εmin =

∞, ξ ≤ 12
(
3 +
√
9− 8q2
)
,
ξ2−2ξ+q2
ξ
√
ξ2−3ξ+2q2 ,
1
2
(
3 +
√
9− 8q2
)
< ξ ≤ X(q),
1, ξ > X(q).
(38)
Here X(q) is a unique root of the equation ξ3 − 4ξ2 +
4q2ξ − q4 = 0 satisfying (3 +√5)/2 ≤ X(q) ≤ 4. It can
be written as
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X(q) =
4
3
(√
4− 3q2 cos
{
1
3
cos−1
[
27q4
16 − 9q2 + 8
(4− 3q2)3/2
]}
+ 1
)
.
Note that, quite generally, the condition ε2 ≥ Uλ(ξ) is
equivalent to
λ < ξ
√
ε2
N
− 1.
In deriving the above inequality, one only assumes
that N > 0. Consequently, for the general Reissner-
Nordstro¨m metric with 0 ≤ q ≤ 1 we have
λmax(ε, ξ) = ξ
√
ξ2ε2
ξ2 − 2ξ + q2 − 1.
The value λc(ε) can be also computed analytically, but
the corresponding formulas are lengthy, and of little prac-
tical importance (setting Uλ = ε
2 in Eq. (37) yields a
quartic equation for ξ; the appropriate solution has to be
inserted in Eq. (36)). In practice, one can always com-
pute λc(ε) numerically.
To recapitulate this section, let us note that the range
of integration of the momentum-space integrals derived
in Sec. I E 3 is effectively limited by three functions:
λc(ε), εmin(ξ), and λmax(ε, ξ). The first one, λc(ε), is
defined as the angular momentum parameter λ for which
the value of the effective potential Uλ at its local maxi-
mum equals precisely ε2. The second, εmin(ξ), gives the
minimal energy ε of a scattered particle at a given ra-
dius ξ. The function λmax(ε, ξ) yields an upper bound
on the angular momentum λ of a scattered particle with
the energy ε at the radius ξ. The range of the phase-
space occupied by absorbed particles is limited by ε ≥ 1
and 0 < λ < λc(ε). The range corresponding to scat-
tered particles is given by εmin ≤ ε, λc(ε) < λ ≤ λmax. A
detailed proof of this characterization is given in [1] for
the Schwarzschild metric.
II. ACCRETION OF THE GAS IN THERMAL
EQUILIBRIUM AT INFINITY
We will now compute the momenum integrals of Sec.
I E 3, assuming the Maxwell-Ju¨ttner distribution func-
tion (23). This yields
Fn(ε, λ) = mnαe−zε (39)
for the distribution function (25). Integral quantities Jµ
and Tµν can be now divided into two parts, correspond-
ing to absorbed and scattered particles. For the particle
current density Jµ = J
(abs)
µ + J
(scat)
µ we have
J
(abs)
t = −
2piαm4
ξ2
∫ ∞
1
dεe−zεε
∫ λc
0
dλ
λ√
ε2 − Uλ(ξ)
= −2piαm
4
ξ2
∫ ∞
1
dεe−zεε
λ2c
sλc + s0
,
J (abs)r =
2piαm4
ξ2
∫ ∞
1
dεe−zε
∫ λc
0
dλpiξ−
λ√
ε2 − Uλ(ξ)
=
2piαm4
ξ2N
∫ ∞
1
dεe−zελ2c
[
(1−Nη)ε
sλc + s0
− 1
2
]
.
Here we choose piξ = piξ−, which corresponds to ingoing particles. The formulas for J
(scat)
µ are slightly more complex:
J
(scat)
t = −
4piαm4
ξ2
∫ ∞
εmin
dεe−zεε
∫ λmax
λc
dλ
λ√
ε2 − Uλ(ξ)
= −4piαm
4
ξ2
∫ ∞
εmin
dεe−zεε
λ2max − λ2c
sλc + sλmax
,
J (scat)r =
2piαm4
ξ2
∑
±
∫ ∞
εmin
dεe−zε
∫ λmax
λc
dλ
λpiξ±√
ε2 − Uλ(ξ)
=
4piαm4
ξ2
(1−Nη)
N
∫ ∞
εmin
dεe−zεε
λ2max − λ2c
sλc + sλmax
.
Here the additional overall factor 2 stems from the fact
that both ingoing and outgoing particles are taken into
account.
In the above formulas and in the following text we omit
the arguments of the functions λc, λmax, s0, sλc , sλmax ,
and εmin. We recall that λmax = λmax(ε, ξ), s0 = s0(ε, ξ),
sλc = sλc(ε, ξ), sλmax = sλmax(ε, ξ) depend on both ε and
ξ. The energy εmin = εmin(ξ) is a function of ξ, while
λc = λc(ε) is a function of ε only.
11
Note that J
(scat)
r = − gtrgrr J (scat)t . Accordingly,
Jr(scat) = 0. It follows that only J
(abs)
µ contributes to
the mass accretion rate M˙ . A simple calculation yields
M˙ = −4pimr2Jr = 8pi2mM2
∫ ∞
1
dε
∫ λc
0
dλF4(ε, λ)λ
= 4pi2M2m5α
∫ ∞
1
dεe−zελ2c . (40)
The analysis of the energy-momentum tensor is espe-
cially interesting in terms of its spectral properties. For
perfect fluids, which can serve as a reference for the more
complex case of the Vlasov gas, the energy momentum
tensor reads
Tµν = (ρ+ p)u
µuν + pδ
µ
ν , (41)
where uµ denotes the four velocity of the fluid (uµuµ =
−1), ρ is the energy density, and p denotes the pres-
sure. It is easy to see that uµ is an eigenvector of Tµν
corresponding to the eigenvalue −ρ. On the other hand
any non-zero vector kµ orthogonal to the four-velocity
(kµuµ = 0) is also an eigenvector corresponding to the
eigenvalue p. Consequently, the pressure p is a three-fold
degenerate eigenvalue of Tµν .
Solving the eigenvalue problem for Tµν gives a possi-
bility to compare the properties of the Vlasov gas with
those of the perfect fluid. In particular, we will see that
the eigenvalue corresponding to the pressure is no longer
three-fold degenerate. Instead, we obtain two-fold degen-
eracy due to the assumed spherical symmetry. For per-
fect fluids, the (conserved) particle current density can
be expressed as Jµ = nuµ, where n denotes the particle
density. In other words, Jµ is proportional to the four-
velocity uµ, i.e., to the timelike eigenvector of Tµν . For
the Vlasov gas this does not have to be the case.
Raising the first index in Eqs. (27–30) we get
T tt = −
2pi
ξ2N
∫
F5(ε, λ)ελ
[
ε√
ε2 − Uλ(ξ)
+ (piξ)(1−Nη)
]
dεdλ,
T tr =
2pi
ξ2N
∫
F5(ε, λ)λpiξ
[
ε√
ε2 − Uλ(ξ)
+ (piξ)(1−Nη)
]
dεdλ,
T rt = −
2pi
ξ2
∫
(piξ)F5(ε, λ)ελdεdλ,
T rr =
2pi
ξ2
∫
(piξ)F5(ε, λ)λpiξdεdλ
T θθ = T
ϕ
ϕ =
pi
ξ4
∫ F5(ε, λ)λ3√
ε2 − Uλ(ξ)
dεdλ.
It turns out that the spectral properties of Tµν differ significantly between the contributions related with absorbed
trajectories T(abs)
µ
ν
and scattered trajectories T(scat)
µ
ν
. For scattered trajectories we have
T(scat)
t
t
= − 4pi
ξ2N
∫ F5(ε, λ)λε2√
ε2 − Uλ(ξ)
dεdλ,
T(scat)
t
r
=
4pi(1−Nη)
ξ2N2
∫
F5(ε, λ)λ
[
ε2√
ε2 − Uλ(ξ)
+
√
ε2 − Uλ(ξ)
]
dεdλ,
T(scat)
r
t
= 0,
T(scat)
r
r
=
4pi
ξ2N
∫
F5(ε, λ)λ
√
ε2 − Uλ(ξ)dεdλ,
T(scat)
θ
θ
= T(scat)
ϕ
ϕ
=
2pi
ξ4
∫ F5(ε, λ)λ3√
ε2 − Uλ(ξ)
dεdλ.
It can be checked that the orthogonal frame
(∂t,−(gtr/gtt)∂t + ∂r, ∂θ, ∂ϕ) consists of eigenvec-
tors of T(scat)
µ
ν
. The corresponding eigenvalues can be
obtained as follows: The eigenvalue corresponding to
the timelike eigenvector ∂t reads
%(scat) =
4pi
ξ2N
∫ F5(ε, λ)λε2√
ε2 − Uλ(ξ)
dεdλ,
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and it can be identified with the energy-density. Note
that this also means that, similarly to perfect fluids, for
scattered particles the eigenvector corresponding to the
energy density is proportional to Jµ. The eigenvalue cor-
responding to the radial eigenvector −(gtr/gtt)∂t + ∂r is
p
(scat)
rad =
4pi
ξ2N
∫
F5(ε, λ)λ
√
ε2 − Uλ(ξ)dεdλ.
It can be understood as the radial pressure. The eigen-
value corresponding to eigenvectors ∂θ and ∂ϕ is two-fold
degenerate. It reads
p
(scat)
tan =
2pi
ξ4
∫ F5(ε, λ)λ3√
ε2 − Uλ(ξ)
dεdλ (42)
and will be referred to as the tangential pressure. For
F5(ε, λ) given by Eq. (39) we get
ρ(scat) =
4piαm5
ξ2N
∫ ∞
εmin
dεe−zεε2
λ2max − λ2c
sλc + sλmax
,
p
(scat)
rad =
4piαm5
3N2
∫ ∞
εmin
dεe−zε
(
s3λc − s3λmax
)
,
p
(scat)
tan =
2piαm5
3ξ4
∫ ∞
εmin
dεe−zε
(
λ2max − λ2c
) [
λ2max (2sλc + sλmax) + λ
2
c (sλc + 2sλmax)
]
(sλc + sλmax)
2 .
In the following, we will also need explicit expressions for T(scat)
µ
ν
with F5(ε, λ) given by Eq. (39). These are
T(scat)
t
t
= −4piαm
5
ξ2N
∫ ∞
εmin
dεe−zεε2
λ2max − λ2c
sλc + sλmax
,
T(scat)
t
r
=
4piαm5(1−Nη)
ξ2N2
∫ ∞
εmin
dεe−zε
[
ε2
λ2max − λ2c
sλc + sλmax
+
ξ2
3N
(
s3λc − s3λmax
)]
,
T(scat)
r
t
= 0,
T(scat)
r
r
=
4piαm5
3N2
∫ ∞
εmin
dεe−zε
(
s3λc − s3λmax
)
,
T(scat)
θ
θ
= T(scat)
ϕ
ϕ
=
2piαm5
3ξ4
∫ ∞
εmin
dεe−zε
λ2max − λ2c
(sλc + sλmax)
2
[
λ2max (2sλc + sλmax) + λ
2
c (sλc + 2sλmax)
]
.
For absorbed trajectories the situation is different. The
tangential pressure, i.e., the eigenvalue corresponding to
the eigenvectors ∂θ and ∂ϕ, can be written as
p
(abs)
tan =
2pi
ξ4
∫ F5(ε, λ)λ3√
ε2 − Uλ(ξ)
dεdλ,
that is in the same form as Eq. (42). On the other hand
the the formulas for ρ(abs) and p
(abs)
rad are different. More-
over, ∂t and −(gtr/gtt)∂t+∂r are no longer the appropri-
ate eigenvectors. Instead, the timelike eigenvector corre-
sponding to the energy density ρ(abs) is inclined at some
angle with respect to ∂t.
For absorbed trajectories, the components of the
energy-momentum tensor can be written as
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T(abs)
t
t
= − 2pi
ξ2N
∫
F5(ε, λ)ελ
[
ε√
ε2 − Uλ(ξ)
− (1−Nη)
]
dεdλ,
T(abs)
t
r
=
2pi
ξ2N
∫
F5(ε, λ)λpiξ−
[
ε√
ε2 − Uλ(ξ)
− (1−Nη)
]
dεdλ,
T(abs)
r
t
=
2pi
ξ2
∫
F5(ε, λ)ελdεdλ,
T(abs)
r
r
= −2pi
ξ2
∫
F5(ε, λ)λpiξ−dεdλ
T(abs)
θ
θ
= T(abs)
ϕ
ϕ
=
pi
ξ4
∫ F5(ε, λ)λ3√
ε2 − Uλ(ξ)
dεdλ.
For F5(ε, λ) given by Eq. (39) the above integrals can be evaluated as
T(abs)
t
t
= −2piαm
5
ξ2N
∫ ∞
1
dεe−zεελ2c
[
ε
sλc + s0
− (1−Nη)
2
]
,
T(abs)
t
r
=
2piαm5
ξ2N2
∫ ∞
1
dεe−zε
{
(1−Nη)ε2λ2c
sλc + s0
− 1
2
[
1 + (1−Nη)2] ελ2c + (1−Nη)ξ23N (s30 − s3λc)
}
,
T(abs)
r
t
=
piαm5
ξ2
∫ ∞
1
dεe−zεελ2c ,
T(abs)
r
r
= −2piαm
5
ξ2N
[
(1−Nη)
2
∫ ∞
1
dεe−zεελ2c +
ξ2
3N
∫ ∞
1
dεe−zε
(
s3λc − s30
)]
,
T(abs)
θ
θ
= T(abs)
ϕ
ϕ
=
piαm5
3ξ4
∫ ∞
1
dεe−zελ4c
2s0 + sλc
(s0 + sλc)
2
.
While the above expressions are relatively compact, they suffer from the occurrence of expressions that would
become indeterminate (of the form 0/0) at the horizon. This drawback can be removed by rewriting them in the form
T(abs)
t
t
= −2piαm
5
ξ2
∫ ∞
1
dεe−zε
ελ2c
s0 + sλc
[
ηε+
(1−Nη)
2
X
]
, (43a)
T(abs)
t
r
=
2piαm5
ξ2
∫ ∞
1
dεe−zε
{
λ2c
s0 + sλc
[
ηε+
(1−Nη)
2
X
](
−ηε+ 1
2
X
)
− (1−Nη)ξ
2
12
Y 3
}
, (43b)
T(abs)
r
t
=
piαm5
ξ2
∫ ∞
1
dεe−zεελ2c , (43c)
T(abs)
r
r
= −2piαm
5
ξ2
∫ ∞
1
dεe−zελ2c
(
−ηε
2
+
1
4
X +
ξ2N
12λ2c
Y 3
)
, (43d)
T(abs)
θ
θ
= T(abs)
ϕ
ϕ
=
piαm5
3ξ4
∫ ∞
1
dεe−zελ4c
2s0 + sλc
(s0 + sλc)
2
, (43e)
where
X =
1
ε+ s0
+
1 +
λ2c
ξ2
ε+ sλc
, Y =
1
ε+ s0
−
1 +
λ2c
ξ2
ε+ sλc
.
Using expressions that are manifestly regular at the hori-
zon is important both from a purely theoretical perspec-
tive and also numerically, as it helps to avoid numerical
errors in evaluating the above expressions in the vicinity
of the horizon. (Note that this is irrelevant with respect
to T(scat)
µ
ν
, since these components vanish identically in
the vicinity of the horizon.) Taking the limit of expres-
sions (43) as ξ → ξ+ = 1 +
√
1− q2 (the horizon) we
get
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T(abs)
t
t
∣∣∣
ξ=ξ+
= −2piαm
5
ξ2+
∫ ∞
1
dε−zε
(
λ2cηε
2
+
λ2c
4ε
+
λ4c
8εξ2+
)
,
T(abs)
t
r
∣∣∣
ξ=ξ+
=
2piαm5
ξ2+
∫ ∞
1
dεe−zε
[
−λ
2
cη
2ε
2
+
λ2c
8ε3
+
λ4c
8ε3ξ2+
+
λ6c
24ε3ξ4+
]
,
T(abs)
r
t
∣∣∣
ξ=ξ+
=
piαm5
ξ2+
∫ ∞
1
dεe−zεελ2c ,
T(abs)
r
r
∣∣∣
ξ=ξ+
=
2piαm5
ξ2+
∫ ∞
1
dεe−zε
(
λ2cηε
2
− λ
2
c
4ε
− λ
4
c
8εξ2+
)
,
T(abs)
θ
θ
∣∣∣
ξ=ξ+
= T(abs)
ϕ
ϕ
∣∣∣
ξ=ξ+
=
piαm5
4ξ4+
∫ ∞
1
dεe−zε
λ4c
ε
.
In evaluating the above limits one makes use of the fact
that N → 0, Nη → 0 (this is actually an assumption on
η),
X → 1
2ε
(
2 +
λ2c
ξ2
)
, Y → − λ
2
c
2εξ2
,
as ξ → ξ+.
The eigenvalues ρ(abs), p
(abs)
rad , and p
(abs)
tan of T(abs)
µ
ν
can
be computed by “brute force”. A rather lengthy calcula-
tion allows one to express ρ(abs), p
(abs)
rad as
ρ(abs) = −piαm
5
ξ2
(A−
√
N2B2 + 2BC), (44a)
p
(abs)
rad =
piαm5
ξ2
(A+
√
N2B2 + 2BC), (44b)
where
A = −1
4
∫ ∞
1
dεe−zε
[(
1 +
2ε
s0 + sλc
)
λ2cX +
Nξ2Y 3
3
]
,(45a)
B =
1
4
∫ ∞
1
dεe−zε
(
λ2cX
2
s0 + sλc
− ξ
2Y 3
3
)
, (45b)
C =
∫ ∞
1
dεe−zεελ2c , (45c)
Although the components T(abs)
µ
ν
depend on the choice
of the time foliation (i.e., on η), the eigenvalues ρ(abs),
p
(abs)
rad , p
(abs)
tan are independent of η. One can also check
that asymptotically, i.e., for ξ → ∞, both p(abs)rad and
p
(abs)
tan converge to the same limit.
At the horizon, ρ(abs), p
(abs)
rad , and p
(abs)
tan are given by
the following much simpler expressions:
ρ(abs)
∣∣∣
ξ=ξ+
=
piαm5
ξ2+
(
A′ +
√
B′C
)
, (46a)
p
(abs)
rad
∣∣∣
ξ=ξ+
= −piαm
5
ξ2+
(
A′ −
√
B′C
)
, (46b)
p
(abs)
tan
∣∣∣
ξ=ξ+
=
piαm5
4ξ4+
∫ ∞
1
dεe−zε
λ4c
ε
, (46c)
where
A′ =
∫ ∞
1
dεe−zε
λ2c
2ε
(
1 +
λ2c
2ξ2+
)
,
B′ =
∫ ∞
1
dεe−zε
λ2c
4ε3
(
1 +
λ2c
ξ2+
+
λ4c
3ξ4+
)
,
and C is given by Eq. (45c).
We should emphasise that both T(abs)
µ
ν
and T(scat)
µ
ν
are of limited physical interest separately. Instead, we are
rather interested in the total energy-momentum tensor
Tµν = T(abs)
µ
ν
+ T(scat)
µ
ν
and its eigenvalues. Although
ptan = p
(abs)
tan + p
(scat)
tan , we have prad 6= p(abs)rad + p(scat)rad
and ρ 6= ρ(abs) + ρ(scat). This is because the eigenvectors
corresponding to p
(abs)
rad and p
(scat)
rad (as well as to ρ
(abs)
and ρ(scat)) are different, and the corresponding eigenval-
ues do not add. In practice, it is convenient to compute
the eigenvalues of Tµν numerically, and we do it in the
next section. On the other hand, since below the pho-
ton sphere T(scat)
µ
ν
= 0, the above expressions for ρ(abs),
p
(abs)
rad , p
(abs)
tan also give the total physical values of ρ, prad,
and ptan in the vicinity of the horizon. In contrast to
that, analytic expressions for ρ(scat), p
(scat)
rad , p
(scat)
tan are of
theoretical interest only.
III. NUMERICAL RESULTS
A. Particle current density, particle density, mass
accretion rate
The integrals derived in the preceding sections can
be computed numerically with relatively little effort.
We start illustrating our results with the graphs of the
particle current density Jµ. We work with standard
Eddington–Finkelstein-type coordinates, i.e., we set η ≡
1. Some generic plots of the components Jt and Jr are
shown in Figs. 1 and 2 for q = 1/2 and z = 1. We show
explicitly the two components J
(scat)
µ and J
(abs)
µ , as well
as the sum Jµ = J
(scat)
µ + J
(abs)
µ . Note that although
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FIG. 1: Sample graphs of Jt/(αm
4), J
(abs)
t /(αm
4), and
J
(scat)
t /(αm
4). The charge parameter q = 1/2; z = 1. Verti-
cal lines mark the locations of the black-hole horizon and the
photon sphere.
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FIG. 2: Sample graphs of Jr/(αm
4), J
(abs)
r /(αm
4), and
J
(scat)
r /(αm
4). The charge parameter q = 1/2; z = 1. Verti-
cal lines mark the locations of the black-hole horizon and the
photon sphere.
the total current Jµ is smooth, the components J
(scat)
µ
and J
(abs)
µ are not. The components corresponding to
the scattered particles vanish for ξ < 12
(
3 +
√
9− 8q2
)
,
i.e., below the photon sphere.
The particle density can be defined covariantly as
n =
√−JµJµ.
It is a direct counterpart of the standard definition for
perfect fluids, which relates the conserved particle cur-
rent density with the four-velocity, i.e., Jµ = nuµ. The
product mn, which will appear frequently in this paper,
is usually referred to as the rest-mass density.
q = 0
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q = 1
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FIG. 3: The particle density n vs. ξ for three Reissner-
Nordstro¨m solutions with q = 0 (Schwarzschild metric),
q = 3/4, and q = 1 (extremal Reissner-Nordstro¨m solution).
All solutions are obtained assumming z = 1. Vertical lines
mark the locations of the black-hole horizons for q = 0, 3/4,
and 1.
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FIG. 4: The ratio n/n∞ vs. ξ for the Schwarzschild metric
(q = 0). Different graphs correspond to z = 1, 10, and 30.
The vertical line at ξ = 2 marks the location of the black-hole
horizon.
Sample graphs of the particle density n obtained for
different black-hole charge parameters q and for z = 1
are shown in Fig. 3. Clearly, n grows with the increasing
charge parameter.
In all Figs. 1–3 the locations of the black-hole horizons
are marked with vertical lines. The areal radius of the
black hole decreases from r = 2M (or ξ = 2) for q = 0
to r = M (or ξ = 1) for q = 1. Since n is a decreasing
function of the radius ξ, the increase of n measured at the
black hole horizon for the increasing charge parameter q
is even more pronounced.
The graphs of the particle density in Fig. 3 were nor-
malized by αm4. It is a natural normalization, as long as
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FIG. 5: Same as in Fig. 4 but for the Reissner-Nordstro¨m
solution with q = 3/4. The vertical line marks the location of
the black-hole horizon.
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FIG. 6: Same as in Fig. 4 but for the extremal Reissner-
Nordstro¨m solution with q = 1. The vertical line at ξ = 1
marks the location of the black-hole horizon.
z=1
z=10
z=30
0.0 0.2 0.4 0.6 0.8 1.0
50
100
200
q
M
 /(
M
2
m
n
∞
)
FIG. 7: Mass accretion rate M˙/(M2mn∞) vs. the charge
parameter q.
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FIG. 8: Mass accretion rate M˙/(M2ξ2+mn∞) vs. the charge
parameter q.
we restrict ourselves to solutions corresponding to the
same asymptotic temperature. To compare solutions
with different z we follow [2] and normalize n by its
asymptotic value n∞. Sample plots of n/n∞ for q = 0,
3/4, 1 and z = 1, 10, 30 are shown in Figs. 4–6. Figure 4
shows the solutions obtained for q = 0, i.e., assuming the
Schwarzschild metric; it agrees with an analogous Fig. 2
in [2].
Another immediate result is the dependence of the
mass accretion rate M˙ given by Eq. (40) on the black
hole charge parameter q. A subtle point in comparing the
accretion rates of different solutions is the proper choice
of the normalization. In Fig. 7 we plot M˙/(M2mn∞) vs.
the charge parameter q for three values of the asymp-
totic temperature z = 1, 10, and 30. In all cases
the quantity M˙/(M2mn∞) decreases with the increasing
q. Figure 8 shows the dependence of M˙/(M2ξ2+mn∞)
on q. The normalization of M˙ by M2ξ2+mn∞ seems
to be natural, as 4piM2ξ2+ is the area of the horizon.
This normalization is also used in [2]. On the other
hand, since ξ+ is a decreasing function of q, it changes
the conclusion—M˙/(M2ξ2+mn∞) increases with q. For
Reissner-Nordstro¨m black holes, for which the area of the
horizon is not only a function of mass but also a charge
parameter, we would rather opt for the first normaliza-
tion.
The same behavior can be also observed for perfect
fluids. In Appendix B we give a short overview of a
simple model of Bondi-type accretion of the perfect fluid
on the Reissner-Nordstro¨m black hole. It is obtained for
the linear equation of state p = kρ. Direct perfect-fluid
equivalents of Figs. 7 and 8 are shown in Figs. 21 and 22.
B. Energy density, radial and tangential pressures
Instead of plotting different components of Tµν , which
similarily to Jµ are gauge-dependent, we concentrate on
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FIG. 9: Sample graph of ρ/(αm5), ρ(abs)/(αm5), and
ρ(scat)/(αm5) for the parameters q = 1/2 and z = 1. Note
that ρ 6= ρ(abs) + ρ(scat), as explained in the text. The verti-
cal lines mark the locations of the black-hole horizon and the
photon sphere.
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FIG. 10: Sample graph of prad/(αm
5), p
(abs)
rad /(αm
5), and
p
(scat)
rad /(αm
5) for the parameters q = 1/2 and z = 1. Sim-
ilarly to the energy densities, prad 6= p(abs)rad + p(scat)rad , as ex-
plained in the text. The vertical lines mark the locations of
the black-hole horizon and the photon sphere. Note that the
radial pressure decreases in the vicinity of the horizon.
the eigenvalues −ρ, prad, and ptan.
Sample plots of ρ, ρ(abs), ρ(scat), prad, p
(abs)
rad , and p
(scat)
rad ,
ptan, p
(abs)
tan , and p
(scat)
tan are shown in Figs. 9–11 for q = 1/2
and z = 1. We normalize all these quantities by αm5. As
discussed in Sec. II, we have ptan = p
(abs)
tan + p
(scat)
tan , but
prad 6= p(abs)rad + p(scat)rad and ρ 6= ρ(abs) + ρ(scat). Also note
that all terms associated with scattered particles vanish
inside the photon sphere.
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FIG. 11: Sample graph of ptan/(αm
5), p
(abs)
tan /(αm
5), and
p
(scat)
tan /(αm
5) for the parameters q = 1/2 and z = 1. The
vertical lines mark the locations of the black-hole horizon and
the photon sphere.
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FIG. 12: Sample graphs of the ratio ρ/(mn) for q = 0, 3/4, 1,
and z = 1, 5. Vertical lines mark the locations of black-hole
horizons for q = 0, 3/4, and 1.
Figures 12 and 13 depict, respectively, the ratios
ρ/(mn) and ρ/(mn∞) for q = 0, 3/4, 1, and z = 1,
5. For both ratios, the dependence on the asymptotic
temperature (i.e., on z) seems to be much stronger than
the dependence on the charge parameter q.
Since asymptotically the gas is assumed to be in ther-
mal equilibrium, both pressures prad, and ptan should
tend at infinity to the same value, depending only on z, α
and m. As the particles approach the black hole from in-
finity, both ptan and prad increase initially. On the other
hand, in the vicinity of the black hole ptan still increases,
but prad can decrease. It was observed in [2] that for the
Schwarzschild black hole the tangential pressure can be
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FIG. 13: Sample graphs of the energy density ρ normalized
by mn∞ for q = 0, 3/4, 1, and z = 1, 5. Vertical lines mark
the locations of black-hole horizons for q = 0, 3/4, and 1.
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FIG. 14: Sample graphs of the ratios prad/(mn) and
ptan/(mn) for z = 1, 5, and q = 0 (Schwarzschild metric).
The vertical line at ξ = 2 marks the location of the black-hole
horizon.
nearly an order of magnitude grater than the radial one.
We illustrate this behavior in Figs. 14–20. Figures 14–16
show the two pressures prad and ptan normalized by the
product of the particle density n and the particle mass
m (the rest-mass density) for z = 1 and z = 5. Figure 14
was obtained for the Schwarzschild metric, and it agrees
with Fig. 5 in [2]. Figures 15 and 16 were obtained for
q = 3/4 and q = 1 (extremal Reissner-Nordstro¨m space-
time), respectively. In all cases the ratios prad/(mn) and
ptan/(mn) decrease with z. Note, also that for q = 1 the
ratio prad/(mn) can have both a local minimum and a
local maximum outside the black-hole horizon. For com-
parison, we plot the same data in Figs. 17–19, normal-
izing ptan and prad by the asymptotic rest-mass density
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FIG. 15: Sample graphs of the ratios prad/(mn) and
ptan/(mn) for z = 1, 5, and q = 3/4. The vertical line marks
the location of the black-hole horizon.
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FIG. 16: Sample graphs of the ratios prad/(mn) and
ptan/(mn) for z = 1, 5, and q = 1 (extremal Reissner-
Nordstro¨m spacetime). The vertical line at ξ = 1 marks the
location of the black-hole horizon.
mn∞, instead of mn.
In Fig. 20 we plot the ratio ptan/prad for z = 1, 30, and
q = 0, 3/4, 1. Vertical lines in this figure mark the lo-
cations of the black-hole horizons. The ratio ptan/prad
grows with z, and it saturates relatively quickly—the
graph of the ratio ptan/prad for z = 30 in Fig. 20 would
almost coincide with the graph obtained for, say, z = 100.
On the other hand, the ratio ptan/prad generally decreases
with the charge parameter q. Below we list a few sample
values of ptan/prad.
• At the black-hole horizons:
– For z = 1 and q = 0, 3/4, 1 we have
ptan/prad = 6.65, 6.62, 6.53, respectively
– For z = 30 and q = 0, 3/4, 1 we have
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FIG. 17: Sample graphs of radial and tangential pressures
normalized by mn∞ for z = 1, 5, and q = 0 (Schwarzschild
metric). The vertical line at ξ = 2 marks the location of the
black-hole horizon.
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FIG. 18: Sample graphs of radial and tangential pressures
normalized by mn∞ for z = 1, 5, and q = 3/4. The vertical
line marks the location of the black-hole horizon.
ptan/prad = 8.93, 8.49, 7.36, respectively
• At the photon spheres:
– For z = 1 and q = 0, 3/4, 1 we have
ptan/prad = 3.19, 3.18, 3.17, respectively
– For z = 30 and q = 0, 3/4, 1 we have
ptan/prad = 4.66, 4.49, 4.26, respectively
IV. CONCLUSIONS
Some features of the steady spherically-symmetric ac-
cretion of the Vlasov gas on Reissner-Nordstro¨m black
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FIG. 19: Sample graphs of radial and tangential pressures
normalized by mn∞ for z = 1, 5, and q = 1 (extremal
Reissner-Nordstro¨m spacetime). The vertical line at ξ = 1
marks the location of the black-hole horizon.
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FIG. 20: The ratio ptan/prad for q = 0, 3/4 1, and z = 1, 30.
Vertical lines mark the locations of the black-hole horizon for
q = 0, 3/4, and 1.
holes resemble those characteristic for the accretion of
perfect fluids. Michel-type (or Bondi-type) accretion of
perfect fluids on Reissner-Nordstro¨m black holes was in-
vestigated, e.g., in [8, 11]; we give a short overview of
this model in Appendix B. As usual, precise results de-
pend on the assumed equation of state. Several analytic
solutions can be obtained for a class of linear equations
of state of the form p = kρ, where 0 < k ≤ 1 is a con-
stant. Similarly to the Vlasov case, for the black holes
with a fixed mass, the mass accretion rate decreases with
the increasing charge parameter. Also, as for the Vlasov
model, the ratio of the particle density at the black-hole
horizon to its asymptotic value (the so-called compres-
20
sion parameter) grows with the charge parameter q (we
show this fact in Appendix B for the stiff equation of
state with k = 1).
In terms of the energy-momentum tensor, the two
models (the perfect fluid and the Vlasov model) differ
significantly. In this work we have recovered the gen-
eral properties of the energy-momentum tensor and its
eigenvalues—the energy density, the radial and tangen-
tial pressures—discovered by Rioseco and Sarbach in [1]
for the accretion of the Valsov gas on Schwarzschild black
holes. Similarily to the Schwarzschild case, we observe
that the two pressures differ in the vicinity of the black
hole. While the tangential pressure is a decreasing func-
tion of the radius, the radial pressure is not monotonic,
and it decreases near the black-hole horizon. In general,
ptan exceeds prad in the vicinity of the black hole, but the
precise ratio ptan/prad depends both on the asymptotic
temperature of the gas and on the black-hole charge pa-
rameter q. For z = 1 we have at the black-hole horizons
ptan/prad = 6.65 for q = 0, and ptan/prad = 6.53 for q = 1.
The corresponding values for z = 30 are ptan/prad = 8.93
for q = 0, and ptan/prad = 7.36 for q = 1.
The model presented in this paper follows the foot-
steps of Rioseco and Sarbach [1], as closely, as possible.
In particular, we have neglected a number of factors that
could both complicate and alter the corresponding physi-
cal picture. In the first place, we have neglected all terms
describing the scattering between the particles of the gas.
As a consequence, there is no interaction between the two
classes of particles investigated in this paper: those ab-
sorbed by the black hole, and those scattered to infinity.
More importantly, neglecting the scattering between the
particles, one can also neglect the existence of particles
on bounded trajectories. The latter would also become
important, if we took into account the self-gravity of the
accreting gas and attempted to solve the corresponding
Einstein-Vlasov system.
In the analysis presented in this paper we have delib-
erately concentrated only on stationary states. The for-
malism developed in [1] allows also for a relatively simple
stability analysis, which we postpone for future.
From the perspective of the current work the most in-
teresting direction of the future work is the analysis of
axially symmetric accretion systems (we are mainly in-
terested in the Reissner-Nordstro¨m metric as a toy model
for the spinning black hole). An elegant work in this di-
rection has recently been published by Rioseco and Sar-
bach, who investigated the motion of Vlasov gas in the
equatorial plane of the Kerr spacetime [33].
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FIG. 21: Mass accretion rate M˙/(M2mn∞) vs. the charge pa-
rameter q for the perfect-fluid model with the linear equation
of state p = kρ.
Appendix A: Integrals with respect to the angular
momentum
In this appendix we collect a few analytic integrals used
in establishing the results of Sec. II. For simplicity we
denote
s1 =
√
ε2 − Uλ1(ξ), s2 =
√
ε2 − Uλ2(ξ).
∫ λ2
λ1
λdλ√
ε2 − Uλ(ξ)
=
λ22 − λ21
s1 + s2
,∫ λ2
λ1
λ3dλ√
ε2 − Uλ(ξ)
=
λ22 − λ21
3(s1 + s2)2
[
λ22(2s1 + s2) + λ
2
1(s1 + 2s2)
]
,∫ λ2
λ1
λ
√
ε2 − Uλ(ξ)dλ = −ξ
2(s2 − s1)
3N
,∫ λ2
λ1
piξ±
λdλ√
ε2 − Uλ(ξ)
=
λ22 − λ21
N
[
(1−Nη)ε
s1 + s2
± 1
2
]
,∫ λ2
λ1
pi2ξ±
λdλ√
ε2 − Uλ(ξ)
=
λ22 − λ21
N2(s1 + s2)
{
((1−Nη)ε)2 + ε2 −N
±(1−Nη)ε(s1 + s2)
− N
3ξ2(s1 + s2)
[
λ22(2s1 + s2) + λ
2
1(s1 + 2s2)
]}
.
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FIG. 22: Mass accretion rate M˙/(M2ξ2+mn∞) vs. the charge
parameter q for the perfect-fluid model with the linear equa-
tion of state p = kρ.
Appendix B: Spherically symmetric accretion of
perfect fluids in the Reissner-Nordstro¨m spacetime
Stationary, spherically symmetric accretion of perfect
fluids in the Reissner-Nordstro¨m spacetime was studied
e.g. in [8, 11]. It is a simple model that can serve as a
reference for the results of this paper. In this appendix
we give a few formulas that can be obtained for the linear
equation of state of the form p = kρ, where ρ is the energy
density, p is the pressure, and 0 < k ≤ 1 is a constant
(the square of the local speed of sound).
We assume standard conditions of the relativistic
Bondi-type accretion: The flow is stationary and spheri-
cally symmetric. We assume the energy-momentum ten-
sor of the perfect fluid of the form (41). The Reissner-
Nordstro¨m metric is given by Eq. (10). The four-velocity
of the fluid satisfies uθ = uϕ = 0. Due to the symmetry
assumptions p, ρ, ut, ur can only depend on the radius
r.
The conservation equations ∇µ(nuµ) = 0, ∇µTµν = 0
yield
r2nur = − M˙
4pim
, (B1)
h
√
1− 2M
r
+
Q2
r2
+ (ur)2 = h∞, (B2)
where M˙ and h∞ are constants. The enthalpy per parti-
cle h is defined as h = (p+ρ)/n, and h∞ is its asymptotic
value.
For the linear equation of state p = kρ we get
n = n∞
(
ρ
ρ∞
) 1
1+k
,
h =
(1 + k)ρ∞
n1+k∞
nk,
where n∞ and ρ∞ denote the asymptotic values of n and
ρ, respectively.
This yields
nk
√
1− 2M
r
+
Q2
r2
+ (ur)2 = nk∞. (B3)
Combining Eqs. (B3) and (B1) we get the following,
general expression for the mass accretion rate:
M˙ = − 4pimr
2urn∞[
1− 2Mr + Q
2
r2 + (u
r)2
] 1
2k
. (B4)
In the following, we restrict ourselves to critical solu-
tions, i.e., solutions passing through a (saddle-type) crit-
ical point. These are the only solutions joining smoothly
the black-hole horizon with the infinity. Characteristics
of the critical solutions can be obtained from the follow-
ing relations:
(ur∗)
2 =
M
2r∗
− Q
2
2r2∗
= k
(
1− 3M
2r∗
+
Q2
2r2∗
)
, (B5)
in which the quantities referring to the critical point are
denoted with the asterisk.
Solving Eqs. (B5) with respect to r∗ and ur∗, and in-
serting the results into Eq. (B4), we get
M˙ = pimM2k−
3
2 2−
1+3k
2k Y
k+1
k Z
k−1
2k M2n∞,
where
Y = 1 + 3k
+
√
1 + k(6− 8q2) + k2(9− 8q2),
Z = 1 + k(3− 4q2)
+
√
1 + k(6− 8q2) + k2(9− 8q2).
In particular, for k = 1, one obtains
M˙ = 4pimM2
(
1 +
√
1− q2
)2
n∞ = 4pimM2ξ2+n∞.
In Figs. 21 and 22 we plot the ratios M˙/(M2mn∞)
and M˙/(M2ξ2+mn∞), respectively. These figures can be
compared with Figs. 7 and 8 obtained for the Vlasov
gas. Similarly to the Vlasov gas, the ratio M˙/(M2mn∞)
decreases with q; the ratio M˙/(M2ξ2+mn∞) (normaliza-
tion by the area of the horizon) increases with q for
0 < k < 1. In the limiting case of ultra-stiff fluids
(k = 1), M˙/(M2ξ2+mn∞) = const = 4pi.
Analytic solutions of the form n = n(r), ur =
ur(r), etc, can be obtained for selected values of k =
1/4, 1/2, 1/3, 1, . . . , however in most cases the corre-
sponding formulas are lengthy. The cases with k = 1/2
and k = 1 are exceptional. For k = 1/2 we get
ur = − 1
2κ
[
r2 ±
√
r4 − 4κ2
(
1− 2M
r
+
Q2
r2
)]
,
22
where κ = M˙/(4pimn∞). The result for k = 1 reads
(ur)2 =
κ2
(
1− 2Mr + Q
2
r2
)
r4 − κ2 .
For the critical flow with k = 1 (the only solution regular
at the black hole horizon) we get(
n
n∞
)2
=
(ξ + ξ+)(ξ
2 + ξ2+)
ξ2(ξ − ξ−) .
Consequently, the ratio of n/n∞ at the black hole horizon
(the compression factor) is given by
n
n∞
=
√
2
(
1 +
1√
1− q2
) 1
2
,
and it grows with q.
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